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The in-plane acoustic phonon scattering in graphene is solved by considering fully inelastic acoustic
phonon scatterings in two-dimensional (2D) Dirac materials for large range of temperature (T ) and
chemical potential (µ). Rigorous analytical solutions and symmetry properties of Fermionic and
Bosonic functions are obtained. We illustrate how doping alters the temperature dependence of
acoustic phonon scattering rates. It is shown that the quasi-elastic and ansatz equations previously
derived for acoustic phonon scatterings in graphene are limiting cases of the inelastic-scattering
equations derived here. For heavily-doped graphene, we found that the high-T behavior of resistivity
is better described by ρ(T, µ) ∝ T (1 − ζaµ2/3(kBT )2) rather than a linear T behavior, and in the
low T regime we found τ−1 ∝ (kBT )4 but with a different prefactor (i.e. ∼ 3 times smaller)
in comparison with the existing quasi-elastic expressions. Furthermore, we found a simple analytic
”semi-inelastic” expression of the form τ−1 ∝ (kBT )4/(1+cT 3) which matches nearly perfectly with
the full inelastic results for any temperature up to 500 K and µ up to 1 eV. Our simple analytic
results agree well with previous first-principles studies and available experimental data. Moreover,
we obtain an analytical form for the acoustic gauge field βA = 3βγ0/4
√
2. Our analyses pave a
way for investigating scatterings between electrons and other fundamental excitations with linear
dispersion relation in 2D Dirac material-based heterostructures such as bogolon-mediated electron
scattering in graphene-based hybrid Bose-Fermi systems.
I. INTRODUCTION
Ions in a crystal lattice at a finite temperature (T ) vi-
brate around their equilibrium positions; consequently,
they produce quasiparticles named phonons - quantum
states of lattice vibrations, which in turn cause electri-
cal resistivity (ρ) by scattering off conducting charged
carriers in the lattice [1–3]. In these quantum pro-
cesses, energy and momenta must be conserved [1–3].
In general, electrical resistivity is proportional to the
electron-acoustic phonon (EAP) scattering rates. There-
fore, accurate calculations of acoustic phonon scatter-
ings are very important in extracting various charac-
teristic quantities of doped 2D Dirac materials such as
electrical resistivity, effective deformation potential, car-
rier mobility, Bloch-Gru¨neisen temperature, heat transfer
rate, optical, remote interfacial and intra-ripple flexural
phonon scatterings from experimental data [4–34], in de-
signing graphene-based hypersonic and acousto-electric
devices and high-frequency spectrometers [35–39], As
pointed out in Refs. [17, 32], models with different an-
gular dependencies result in different numerical prefac-
tors for graphene’s quasi-elastic scattering rates by in-
plane acoustic phonons. However, they share a common
formula in the high T regime [4, 5, 7–11, 14–21, 24–
29, 31, 32]
τ−1HT (sk) =
J2a |sk|kBT
4ρmv2LA~3v2F
, (1)
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where sk = svF~k describes the band structure near the
Dirac point with s = +(−) for the conduction (valence)
band and Ja is the effective EAP scattering strength.
In 1980, Pietronero et al. [4] used a tight-binding
model to obtain this quasielastic rate and gave Ja =√
3a0q0J0/2 ≈ 9 - 12 eV with equal contributions from
LA and TA modes including only the gauge-field [30]
or hopping energy [31] contribution. Since then, differ-
ent EAP coupling models have been proposed to extract
Ja from experimental data for graphene which ranges
from 9 eV to 29 eV [7–10, 14, 15, 17, 18, 21, 25, 27,
29, 32]. A first-principles study [30], which gave rea-
sonable agreement with experimental data [14], showed
that τ−1TA(sk) ≈ 2.5 × τ−1LA(sk) in accord with Refs.
[4, 15, 27, 29] and with a previous first-principles anal-
ysis [16]. This suggests that the gauge-field contribu-
tion is more important than the screened deformation
potential, in agreement with Refs. [15, 29, 32]. A
similar finding was reported in Ref. [31], which gave
J2a = E
2
1 + 9β
2γ20
(
1 + v2LA/v
2
TA
)
/8. This is consistent
with Refs. [15, 29] with the assignment of |E1| = g0/(q)
as the screened deformation potential [(q) is dielectric
screening due to free carriers] and γ0 = 2~vF /
√
3a0 ≈
3.1 eV. The terms E21 , 9β
2γ20/8, and 9β
2γ20v
2
LA/8v
2
TA
in J2a are contributions from the screened deforma-
tion potential due to LA phonons, the hopping energy
terms (vector potentials) for LA modes, and that for
TA modes, respectively. The relative ratio of them is
1:4:10 [31], which implies τ−1TA(sk) ≈ 2τ−1LA(sk), in agree-
ment with the first-principles study [30]. The single
electron-phonon coupling parameter determined exper-
imentally is not the screened (scalar) deformation poten-
tial |E1| but the effective deformation potential Ja [31].
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2Recently, it has been shown [40, 41] that ρTA(sk) ≈
2ρLA(sk) implying τ
−1
TA(sk) ≈ 2τ−1LA(sk). Since Ja de-
pends on vLA, vTA, γ0 (or vF ), β, |E1| (or g0/(q)), un-
certainties in these parameters also contributed to the
diverse values of Ja mentioned above.
As we will discuss later, J2a =
E21 + 2B
2
(
1 + v2LA/v
2
TA
)
[15, 29, 31] well explains
the available data and reproduces other calculated
results [32], where E1 is the screened deformation
potential for LA phonons, B is the electron-phonon
coupling due to the hopping energy (or gauge field)
terms, and vLA(vTA) is the sound velocity of LA (TA)
phonons.
Currently, there exist a lot of controversies in the low
T behavior of EAP scattering rates. It has been believed
that the low T quasi-elastic scattering rate in graphene
τ−1LT is proportional to T
n with n = 2 [20, 33], n = 4
[9, 12, 14, 21, 25, 26, 28] or n = 6 [9, 21]. The value n = 4
was claimed to be valid when T < 10 K [13], but it was
not reproduced in Refs. [20, 32]. Inelastic EAP scatter-
ing rates have been evaluated numerically for graphene
at finite temperature and carrier density via ab initio
method [30, 32]. However, without analytical analysis, it
is difficult to clarify the interplay of doping and tempera-
ture effects on EAP scattering processes and the range of
validity of the commonly adopted quasielastic scattering
rates at finite temperatures and doping densities.
Here we present a detailed analysis of inelastic acous-
tic phonon scattering rates, taking into account of both
doping and temperature effects, which sheds light on
the acoustic phonon scatterings in graphene, especially
in the low T regime that is still under debate [9, 12,
14, 20, 21, 25, 26, 28, 33]. Quasielastic [4, 5, 7–11, 14–
21, 25–29, 31, 32] and ansatz [14] equations of acoustic
phonon scatterings are shown to be limiting cases of our
inelastic equations, which well explain the experimental
data [14, 24, 40, 41] and agree with first-principles stud-
ies [30, 32] at different carrier densities for the whole
range of T considered. The nonlinearity in T depen-
dence of ρ in both low-T and high-T regimes [10, 11, 13–
15, 29, 30, 42, 43] are also discussed using inelastic equa-
tions and quasi-elastic limits extracted from them. Below
we show that the main effect of inelastic EAP scattering
is through the product of occupation number and elec-
tron distribution, even though the change of electron en-
ergy due to inelastic scattering is quite minor. The inelas-
tic effect on EAP scattering rate becomes very significant
at low temperature and high doping concentration when
the chemical potential (µ) is much higher than kBT . We
also provide details of derivation for the semi-inelastic
scattering rate, where we keep only the main effect of
inelastic scattering on the product of phonon population
and electron distribution. We then discuss the quasielatic
limit and how the prediction deviates from the inelastic
scattering results. The contributions from LA and TA
modes at different temperatures and dopings are also an-
alyzed. Finally, we discuss the validity of Matthiessen’s
rule [44] and of the conventional determination of the
effective deformation potential [23, 27, 34].
II. RELATIONS DERIVED FROM
MOMENTUM AND ENERGY CONSERVATION
The 2D low-energy charged quasiparticles (i.e. elec-
trons, electron holes) around a K point in graphene can
be described by a Dirac-like Hamiltonian HΨsk(r) =
skΨsk(r) with H = ~vFσ ·k = ~vF (σxkx+σyky), where
σ’s are the Pauli spin matrices, vF is the Fermi group
velocity characterizing the pi-band structure of graphene
defined by ~vF =
√
3a0γ0/2 with a0 being the graphene’s
lattice constant and γ0 being the hopping energy be-
tween the nearest neighbors, σ = (σˆx, σˆy) and k is the
wave-vector. The electronic dispersion relation can then
be obtained from the equation det(H − I) = 0, which
gives sk = s~vF k, and the corresponding wave func-
tion is Ψsk(r) = χske
ikr/L with pseudospinor χsk =
1√
2
(
e−iθk
s
)
[6], where L2 is the area of the graphene
sheet, s = sgn(sk) = +1(−1) is the band index for pi∗(pi)
band, and θk = atan(ky/kx) with k
2 = k2x + k
2
y. Similar
expressions can be worked out for theK ′ point by flipping
the sign of σˆy. Because 2D Dirac systems are described
by the same Hamiltonian, the forms of the eigenvalue
sk = s~vF k and eigenfunction Ψsk(r) still hold for any
2D Dirac materials with different values of vF . There-
fore, our full consideration of inelastic EAP scattering
here is universal for all 2D Dirac materials.
The isotropic acoustic phonon dispersion relation is
described by ~ωa = ~vaq, where a = LA(TA) labels
the longitudinal (transverse) acoustic phonon. Because
va is much smaller than vF as in most of the known
2D materials, including graphene, for convenience, we
use the dimensionless parameters ζa = (va/vF )
2 and
γa = 1/(1 − ζa) with 0 < ζa < 1 and γa > 1. The mo-
mentum conservation law [1–3] states that q = p(k′−k),
where p = +1(−1) corresponds to the absorption (emis-
sion) process, respectively, and gives
k′2 + k2 − q2 − 2k′k cos θ = 0, (2)
where θ is the scattering angle between the initial
momentum k and the final momentum k′ and q is
the transferred (i.e. absorbed or emitted) momentum.
Using the dispersion relation for sk and ~ωa above,
we can rewrite Eq. (2) as 2s′k′ + 
2
sk − (~ωa)2/ζa −
2s′ss′k′sk cos θ = 0. Now we apply the energy con-
servation law [1–3]: ~ωa = p(s′k′ − sk) and obtain
2s′k′ − 2γask (1− s′sζa cos θ) s′k′ + 2sk = 0. This
quadratic equation of s′k′ (for a given sk) can be solved
straightforwardly to give
psk = γa [sk (1− s′sζa cos θ)
± |sk|
√
2ζa (1− s′s cos θ)− ζ2a (1− cos2 θ)
]
. (3)
It is noted that ±sa must have the same sign as sk,
otherwise the solution becomes unphysical. Namely,
3s′s = 1, which implies the inter-band scattering is for-
bidden. Thus, the ± in (3) can be replaced by an index
p = ±1, corresponding to the absorption (+) or emission
(−) process. Thus, Eq. (3) can be reduced to
psa
sk
= 1 + γa
[
2ζa sin
2 θ
2
+ ps
√
4ζa sin
2 θ
2
− ζ2a sin2 θ
]
= 1 + γac
p
a(y) (4)
with cpa(y) = 2[ζay
2 + p
√
ζay2 − ζ2ay2(1− y2)] and y ≡
sin(θ/2).
Eqs. (2) - (4) also give us the transferred momenta
(i.e. the phonon momenta satisfying both the momentum
and energy conservation laws) qpsa. For convenience, we
define dimensionless auxialliary functions Kpsa(θ) =
psa
sk
and Qpsa(θ) = q
p
sa/k. Q
p
sa(θ) has two equivalent forms
Qpsa(θ) =
√
Kpsa(θ)
2
+ 1− 2Kpsa(θ) cos θ, (5a)
Qpsa(θ) = ps(K
p
sa(θ)−1)vF /va = psγacpsa(y)vF /va. (5b)
The transferred acoustic phonon energy is determined
by ~ωpsa = ~vaqpsa = ~vaQpsa(θ)k = vasskQpsa(θ)/vF .
Similarly, by eliminating psk, we obtain inequalities −1 ≤
cos θkq = −pq/2γak + sva/F ≤ 1, which give min(qpsa) =
0 and max(qpsa) = 2(1 + psva/vF )γak with θkq being the
angle between k and q.
The momentum and energy conservation
laws lead to the constraints δq,p(k′−k) and
δ ≡ δ(p(s′k′ − sk) − ~vaq) = δ(p(s′k′ − sk) −
va
vF
√
2s′k′ + 
2
sk − 2s′k′sk cos θ) ≡ δ[fp(s′k′)]. Thus
δ =
δ(s′k′ − psk)
|dfp(s′k′ )ds′k′ |s′k′=psk
=
δ(s′k′ − psk)
dpsa(θ)
(6)
with dpsa(θ) = |ps − vavF
Kpsa(θ)−cos θ
Qpsa(θ)
| satisfying dpsa(θ) =
d−p−sa(θ). Note that Eq. (6) combines two δ-functions
expressing momentum and energy conservations into a
single δ-function δ(s′k′ − psk)/dpsa(θ).
For simplicity, we only consider s = +1 and thus
remove the s index from the auxiliary functions in
Fig. 1, which shows behaviors and symmetry proper-
ties of Kpsa(θ) = 
p
sk/sk, Q
p
sa(θ) = q
p
sa/k and T
p
sa(θ) =
Kpsa(θ)Q
p
sa(θ)/d
p
sa(θ) for a = LA of graphene. Obviously,
Kpsa(θ) are ellipses, not circles as their quasielastic coun-
terparts. Moreover, they reflect the fact that, K++a(θ)
for the absorption in the conduction band (which is the
same as K−−a(θ) for the emission in the valence band), in-
creases from 1 up to (1+ζa)γa+
√
(1 + ζa)2γ2a − 1 ≈ 1.04,
which is higher than the quasielastic counterpart of 1,
for θ increasing from 0 to pi and decreases in a sym-
metrical way (i.e. from about 1.04 back to 1) for θ in-
creasing from pi to 2pi. Inversely, K−+a(θ) for the emis-
sion in the conduction band decreases from 1 down to
(1+ζa)γa−
√
(1 + ζa)2γ2a − 1 ≈ 0.96, which is lower than
the quasielastic counterpart of 1, for θ increasing from 0
to pi and increases symmetrically (i.e. from about 0.96
back to 1) for θ increasing from pi to 2pi. These facts show
that the maximum variation in K++a(θ) being equal to
that inK−+a(θ) is about 4% and the maximum total varia-
tion between K++a(θ) and K
−
+a(θ) is 2
√
(1 + ζa)2γ2a − 1 ≈
8%. Concerning the absorption and emission processes
in the conduction and valence bands, the same behav-
iors hold for Qpsa(θ); however, q
p
sa are heart-shaped in-
stead of elliptical orbits as psk. Using q
p
sa = Q
p
sa(θ)k and
max(qpsa) = 2(1+psva/vF )γak, we observe that the max-
imum value of Q−+a(θ) is 2(1 − va/vF )γa ≈ 1.96, which
is lower than the quasielastic counterpart of 2, and of
Q++a(θ) is 2(1 + va/vF )γa ≈ 2.04, which is higher than
the quasielastic counterpart of 2. Similar to Kpsa(θ), the
maximum total variation between Q++a(θ) = Q
−
−a(θ) and
Q−+a(θ) = Q
+
−a(θ) is 4γava/vF ≈ 8%. In fact, it is
true that
√
(1 + ζa)2γ2a − 1 = 2γava/vF . Therefore, for
heavy-doped 2D Dirac systems, graphene with high car-
rier densities for instance, besides the temperature effect,
the doping effect must be taken into account properly.
III. THE STATIC DIELECTRIC FUNCTION
USED IN THE SCREENED DEFORMATION
POTENTIAL DUE TO DOPING
Here we consider a graphene sheet encapsulated be-
tween an upper-layer material with a static dielectric con-
stant a and a lower-layer material with a static dielec-
tric constant b making an effective background static
dielectric constant r = (a + b)/2 for the free-carrier
screening in graphene [40, 41, 45]. Because the trans-
ferred momenta in most cases are less than or equal to 2k
[with qpsa = Q
p
sa(θ)k ≈ 2k sin(θ/2)] and the contribution
from the screened deformation potential is much smaller
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FIG. 1. The auxiliary functions Kpa(θ), Q
p
a(θ) and T
p
a (θ) of
graphene do not depend on va and vF seperately but only on
their ratio va/vF with a = LA.
4than the unscreened gauge field (or the hopping energy
terms) [15, 29–32, 40, 41], the static dielectric function
in the random phase approximation (RPA) [45] can be
evaluated at k = kF (implying q ≤ 2kF ) and we have
(q) = r +
gsgve
2
~vF
kF
q
. (7)
Using the angular average of q we get q =
(2kF /2pi)
∫
dθ sin(θ/2) = 4kF /pi, which results in (q) =
r + gsgvpie
2/4~vF = r + pie2/~vF for gs = gv = 2.
Then the screened deformation potential becomes |E1| =
g0/(q) ≈ 2.54 eV, which is in good agreement with
Refs. [15, 29, 31, 40]. Note that our approximation here
gives q = 4kF /pi, which is greater than q = kF used
in Ref. [15] and smaller than q = 2kF in Ref. [32].
Moreover, |E1| becomes smaller when graphene is on or
encapsulated between dielectric materials as a result of
stronger screening [15, 40].
Interestingly, the energy and momentum conservation
laws result in the selection rule ssp = 1, which in turn
leads to suppressed forward- and backward-scattering
rates via the chiral term χθ = |χ†skχs′k′ |2 = |ei(θk−θk′ ) +
ss′|2/4 = (1 + cos θ)/2 in the screened deformation po-
tential contribution.
0 . 0
0 . 5
1 . 0
1 . 5
2 . 0
0
3 0
6 0
9 0
1 2 0
1 5 0
1 8 0
2 1 0
2 4 0
2 7 0
3 0 0
3 3 0
0 . 0
0 . 5
1 . 0
1 . 5
2 . 0
S c a t t e r i n g  a n g l e  θ ( d e g )
rp LA(
T)=
(1-f
p )/(1
-f) a
t µ=
1 eV
 r +L A ( 1 0 ) r -L A ( 1 0 ) r +L A ( 5 0 ) r -L A ( 5 0 ) r +L A ( 1 0 0 ) r -L A ( 1 0 0 ) r +L A ( 1 5 0 ) r -L A ( 1 5 0 ) r +L A ( 2 0 0 ) r -L A ( 2 0 0 ) r +L A ( 2 5 0 ) r -L A ( 2 5 0 ) r +L A ( 3 0 0 ) r -L A ( 3 0 0 )
FIG. 2. The ratio between 1 − f(psk) and 1 − f(sk) as a
function of θ and temperature varying from 10 to 300K at
µ=1 eV. The thinner and thicker curves show the absorption
and emission processes, respectively, with a = LA.
IV. THE ENERGY-DEPENDENT INELASTIC
EAP SCATTERING RATES
The full momentum relaxation rate due to inelastic
scattering by acoustic phonons is given by [31]
1
τs
k
=
1
2ρm
∫
k′dk′
2pi
∑
a,p
∫
dθ(1− cos θ)1− f(s′k′)
1− f(sk)
× qF ak′,k[N (a)q
1
2
− p
2
]δ(sk − s′k′ + p~ωaq ), (8)
where s = ±1 labels whether the electron is in upper or
lower Dirac cone before scattering. p = ±1 indicates the
absorption (+) and emission (−) processes, q = |k′ − k|,
θ = θk′−θk, ρm is the mass density, and N (a)q denotes the
phonon occupation number. F
(LA)
k′,k =
1
vLA
|E1 cos(θ/2) +
B cos(3θ/2+3θk)|2 and F (TA)k′,k = 1vTA |B sin(3θ/2+3θk)|2.
E1 is the screened deformation potential for LA phonons
and B = 3βγ0/4 [31]. If we take an average over θk for
the θk-dependent terms in (8), we get the same equation
for the angle-average rate with F
(LA)
k′,k replaced by Fa(θ),
where FLA(θ) =
1
vLA
[E21 cos
2(θ/2) + 12B
2] and FTA(θ) =
1
2vTA
B2.
By averaging over the orientation of k in (8), we obtain
the energy-dependent relaxation rate at a finite T for any
chemical potential (µ) as
τ−1in (k)=
Υ(k)
1− f(k)
∫
dθ(1− cos θ)
∑
a,p
× Dpa(θ)
(
N (a)q +
1
2
− p
2
)
[1− f(pk)] , (9)
where Υ(k) = 
2
k/4pi~3v3F ρm, Dpa(θ) = Fa(θ)T pa (θ),
T pa (θ) = K
p
a(θ)Q
p
a(θ)/d
p
a(θ), and d
p
a(θ) = [c
p
a(y) −
4ζay
2]/|γacpa(y)|. To the first order of va/vF , we have
Kpa(y) = 1 + 2pyva/vF , Q
p
a(y) = 2y, and d
p
a(y) ≈
(1 − 2pyva/vF ). N (a)q and f(k) are the Bose-Einstein
and Fermi-Dirac distribution functions, respectively.
With τ−1(k) given in Eq. (9), the conductivity σ can
be calculated according to [2]
σ = e2
∫
kdk
pi
v2F τ(k)[−df(k)/dk], (10)
where −df(k)/dk can be approximated by δ(k − µ)
when τ(k)|k| is slow varying over the range of kBT .
Because −df(k)/dk|T>0 = f(k) [1− f(k)] /kBT ≈
δ(k − µ), the scattering rate 1/τ(k) is often replaced
by 1/τ(µ) in practical applications. As k → µ, we have
1 − f(pk) = epx
p
a/(epx
p
a + 1), 1 − f(k) → 1 − f(µ) =
1/2 and N
(a)
q + 1/2 − p/2 = p/(epxpa − 1), where xpa ≡
~Ωpa/kBT with ~Ωpa ≡ |k(Kpa(θ) − 1)| = |kγacpa(y)| =
va|µ|Qpa(θ)/vF . Thus we have(
N (a)q +
1
2
− p
2
)
1− f(pk(θ))
1− f(k) = csch(x
p
a) (11)
5for both p = ±1, where csch(x) denotes the hyperbolic
cosecant function. Finally, for finite µ, we obtain
1
τin(µ)
= Υ(µ)
∫
dθ(1− cos θ)
∑
a,p
Dpa(θ) csch(x
p
a). (12)
Eqs. (9) and (12) are our main results which show how
doping and temperature effects come into play in the
EAP scattering rates in 2D Dirac materials. If kBT 
~Ωpa, we use csch(x) ≈ 1/x− x/6 to obtain
1
τHT (µ)
= Υ(µ)
∫
dθ(1− cos θ)
∑
a,p
Dpa(θ)(
1
xpa
− x
p
a
6
).
(13)
Figure 2 shows the ratio rpa(T ) =
1−f(pk)
1−f(k) as a function
of θ and temperature varying from 10 to 300K at µ=1
eV for a = LA of graphene. Note that r+a (T ) > 1 and
r−a (T ) < 1, which is very different from the quasielastic
approximation, rpa(T ) = 1.
V. THE ENERGY-DEPENDENT
SEMI-INELASTIC EAP SCATTERING RATES
For graphene, we have va/vF  1. We can take
the limit [k′ → k and q → 2k sin(θ/2)] and xpa ≈
(ΘaF /T ) sin(θ/2) with Θ
a
F ≡ 2~vakF /kB being a charac-
teristic temperature. Thus, we can get a ”semi-inelastic”
equation by simply replacing Dpa(θ) in Eq. (9) with
2 sin(θ/2)Fa(θ) and sum over p to get a factor of 2. Our
semi-inelastic equation can reproduce all results of in-
elastic scattering given in Eq. (9) with ∼ 1% error. In
the high-T regime, we can deduce from Eq. (13) a quasi-
elastic limit, which contains an extra term in comparison
with the quasielastic results derived in previous studies
[26, 31]. We have
τ−1HT (µ) ≈ Υ(µ)
kBT
µ
[Dt − Gtµ
2
3(kBT )2
], (14)
where
Dt = 2vF
∫
dθ(1− cos θ)
∑
a
Fa(θ)/va
= pivF [(E
2
1 + 2B
2)/v2LA + 2B
2/v2TA] (15)
Gt =
2
vF
∫
dθ(1− cos θ)2
∑
a
Fa(θ)va
=
pi
vF
(E21 + 6B
2) (16)
The leading term in (14) is the same as (1) for k = µ,
which was derived in Refs. [15, 29, 31] with explicitly
J2a = v
2
LADt/pivF . The second term in (14) provides a
correction to (14) which is significant when µ is compa-
rable to kBT .
In general, since ζa  1 for a = LA, TA in graphene,
we can take the limits ζa → 0 and γa → 1 in the aux-
iliary functions Kpa(θ), Q
p
a(θ), d
p
a(θ), and T
p
a (θ) and we
get Kpa(θ) → 1, Qpa(θ) → 2 sin(θ/2), dpa(θ) → 1, and
T pa (θ) → Qpa(θ) → 2 sin(θ/2). As a result, the inelas-
tic EAP scattering rates given by Eq. (9) reduces to the
semi-inelastic EAP scattering rates at k. We have
1
τsi(k)
= 4Υ(k)
∫
dθ sin3
θ
2
∑
a,p
Fa(θ)
×
(
Na(θ) +
1
2
− p
2
)
1− f(pk)
1− f(k) . (17)
The phonon occupation number is now given
by Na(θ) = 1/
(
e~ωa/kBT − 1) with ~ωa =
2va|k| sin(θ/2)/vF . Eq. (23) can be evaluated numeri-
cally. We found that R is almost 1 (with ∼ 1% error)
for any value of kBT and k as implied in Figs. 6 and 11.
Thus, the quasielastic approximation given by Eq. (1)
works extremely well for µ = 0 and remains a good ap-
proximation as long as ~ωpa/kBT ≤ 2va|k|/vF kBT  1
or |µ|  vF kBT/2va ≈ 25kBT for graphene. At k = µ,
we define αa = T/Θ
a
F ; then we have
1
τsi(µ)
= 8Υ(µ)
∫
dθ sin3
θ
2
∑
a
Fa(θ) csch
~ωa
kBT
= 32Υ(µ)
∑
a
1
va
[G1(αa)2δa,LAE
2
1 +G0(αa)B
2],(18)
where
Gn(αa) =
∫ 1
0
dy(1− y2)n−1/2y3/(ey/αa − e−y/αa). (19)
Gn(αa) (for n = 0, 1) can be well fitted by an analytic
expression of the form 6α4a/(1 + cnα
3
a) and we get c0 =
6/G0(1) − 1 = 16.5, and c1 = 6/G1(1) − 1 = 65.7 as
shown in Fig. 3.
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FIG. 3. Comparison of Gn(α) calculated by carrying out the
integral in Eq. (19) and that calculated by using the analytic
expression 6α4a/(1 + cnα
3
a) with c0 = 16.5, and c1 = 65.7.
6Thus, we obtain a simple analytic expression for the
semi-inelastic scattering rate
1
τsi(µ)
= 12Υ(µ)
{
(vF kBT )
4
µ4v5LA
[
2E21
1 + c1α3LA
+
B2
1 + c0α3LA
]
+
(vF kBT )
4
µ4v5TA
B2
1 + c0α3TA
}
(20)
Our semi-inelastic expression contains a leading term
of T 4 behavior at low T and it approaches linear T be-
havior at high T . This expression gives nearly the same
results as the full inelastic expression given in Eq. (12)
for graphene at practically all T and µ of interest. In the
low-T limit (αa → 0), the above equation reduces to
1
τLT (µ)
= 12Υ(µ)
(vF kBT )
4
µ4v5LA
[
2E21 +B
2
(
1 +
v5LA
v5TA
)]
.
(21)
The semi-inelastic EAP rates given by Eqs. (17) and
(18) can reproduce the inelastic EPS rates given by
Eqs. (9) and (12) with a high precision (∼ 99%). More-
over, the semi-inelastic equations are simpler than the
full inelastic ones and much better than the quasielastic
approximation given below.
VI. THE ENERGY-DEPENDENT
QUASIELASTIC EAP SCATTERING RATES
Here we describe the energy-dependent quasielastic
EAP scattering rates at finite T . This is derived by
setting f(k + ~ωa) ≈ f(k − ~ωa) ≈ f(k), ~ωa =
2(va/vF )|k| sin(θ/2), and 2Na(θ) + 1 = exp(~ωa/kBT )+1exp(~ωa/kBT )−1 .
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FIG. 4. The ratio between the quasielastic τ−1qe (sk) and
inelastic τ−1in (sk) scattering rates as a function of sk/kBT
and temperature varying from 50 to 300K at µ=1 eV.
We get
1
τqe(k)
= 4Υ(k)
∫
dθ sin3
θ
2
∑
a
Fa(θ)
e~ωa/kBT + 1
e~ωa/kBT − 1 ,
(22)
which reproduces Eq. (1) τ−1HT (k) =
J2a |k|kBT/4ρmv2LA~3v2F for ~ωa/kBT  1. Fig. 4
shows the ratio between the quasielastic τ−1qe (sk) and
inelastic τ−1in (sk) as a function of sk/kBT for tempera-
ture varying from 50 to 300K with µ=1 eV. As seen in
the figure, the ratio peaks at sk = µ with a maximum
deviate substantially from 1 except at high temperatures
(T=300K or higher). For sk far away from µ, the
ratio quickly approaches 1. However, since τ−1in (µ)
gives the dominant contribution for transport, the
inelastic equation is needed to calculate the transport
properties accurately at low temperatures and high
dopings. Only at high temperatures or low dopings,
the quasielastic approximation is valid; that is when
|µ|  vF kBT/2va ≈ 25kBT for graphene.
For the intrinsic case (µ = 0), it can be shown that
the quasielastic limit of (9) reduces to Eq. (1). In deed,
the ratio of the inelastic scattering rate of Eq. (9) to the
”high-T” quasielastic limit, τ−1HT (k) of Eq. (1) is
R = τHT (k)
τin(k)
=
|k|
DtkBT
∫
dθ(1− cos θ)
×
∑
a,p
Dpa(θ)
(
Na(θ) +
1
2
− p
2
)
1− f(pk(θ))
1− f(k) . (23)
VII. EAP SCATTERING RATES IN
GRAPHENE
We now compare results predicted by the current
model with those derived previously [9, 14]. Because the
scattering rates vary in orders of magnitude, it is illustra-
tive to also compare the ratio of results predicted by vari-
ous approximations to that of the full inelastic-scattering
result given by Eq. (12) (corresponding to Eq. (9) at
k = µ). The results are shown in Fig. 5. Throughout
the paper, we use vF = 1.0× 106 (m/s), vLA = 2.0× 104
(m/s), vTA = 1.3× 104 (m/s), ρm = 7.6× 10−7 (Kg/m2)
[40, 41], g0 = 20 (eV) [15, 46, 47], and β = 2.75 ∼ 3
[15, 29, 31] depending on samples. It is seen that the
high-T scattering rate, τ−1HT predicted by Eq. (1) (green
curve) merge into the dashed line (full inelastic result)
slowly (from above). Note that, when we remove the
screened deformation potential (i.e. let E1 → 0 ), Ja →√
2B
√
1 + v2LA/v
2
TA which implies the acoustic gauge
field in Ref. [32] βA = B/
√
2 = 3βγ0/4
√
2 ≈ 4.5 ∼ 4.9
when β = 2.75 ∼ 3 is used. These values are in ex-
cellent agreement with the GW and fitted values given
in Ref. [32]. The effect of removing E1 is discussed in
Fig. 10 below.
The low-T scattering rate, τ−1LT given by Eq. (21) (red
curve) is indistinguishable from the inelastic result for
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FIG. 5. Calculated EAP scattering rates of graphene
for (a) µ = 0.5 eV and (b) µ = 1 eV. (c) and (d) the
same rates from (a) and (b), normalized to 1/τin(µ) as
given by Eq. (12). The T 4 rate [9, 14] is 1/ 〈τLT (µ)〉 ≈
4!ζ(4)J2a(kBT )
4/2piρmvLA|µ|kF (~vLA)4, the ansatz rate [14]
is 1/ 〈τ(µ)〉 = 8J2aµ2fs(z)/piρmvLA~3v3F with fs(z) =∫ 1
0
zu4
√
1− u2 exp(zu)du/[exp(zu) − 1]2, z = ΘLAF /T , and
the linear-in-T rate is calculated by Eq. (1) at µ. The dash
curves in panels (c) and (d) are the ratios between 1/τsi(µ)
given by Eq. (18) and 1/τin(µ). Here we use β = 3.
T < 100K, while the result based on the T 4 formula,
τ−1LT = 4!ζ(4)J
2
a(kBT )
4/2piρmvLAµkF (~vLA)4 as given in
[9, 14] (black curve) deviate from the full inelastic re-
sult by a factor ∼ 3 at T=1K and much more than 3
for T above 50 (100) K for µ = 0.5 (1) eV. It is in-
teresting to note that the ansatz formula (blue curve),
τ−1(µ) = 8J2aµ
2fs(z)/piρmvLA~3v3F [14] with fs(z) =∫ 1
0
zu4
√
1− u2 exp(zu)du/[exp(zu) − 1]2 and z = ΘaF /T
as used in [14] can match the full inelastic result well for
T > 200K, but deviate significantly (also by a factor ∼
3) as T approaches 0. This factor of ∼ 3 difference is
caused by the approximation used in previous works in
which the factor [1 − f(pk)]/[1 − f(k)] was replaced by
1 that turns out to be problematic at low-T . Finally,
results from our semi-inelastic formula given in Eq. (18)
(dash curves in (c) and (d)) match the full inelastic re-
sults nicely (with error ∼ 1%) in the entire range of T
and µ.
VIII. RESISTIVITY DUE TO EAP
SCATTERING IN GRAPHENE
Using Eq. (10) (without replacing −df()/d by a delta
function) we can evaluate the resistivity ρ = 1/σ and
compare results of our full inelastic model with those ob-
tained by quasielastic model in a log-log plot in Fig. 6.
Here, we have performed the integral over k in Eq. (10)
numerically but keeping the full energy dependence of
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FIG. 6. Graphene’s electrical resistivity is calculated from
the inelastic (the solid curves) and quasielastic (the dash
curves) scattering rate at µ=0 eV (the black curves), µ=0.125
eV (the red curves), µ=0.25 eV (the green curves), µ=0.5 eV
(the blue curves), and µ=1 eV (the purple curves). Here we
use β = 3. The linear plot is displayed in Fig. 11.
τ(k). Had we approximated −df()/d by δ( − µ) in
τ(k) as in common practice, the calculated resistivity
would have been about 30% lower at low temperatures
as shown in Fig. 8. We see that for intrinsic case (µ = 0),
the quasielastic model works extremely well as antici-
pated (since ρ ∝ 1/τ in this case). However, at finite
µ, significant deviation (up to 6 orders of magnitudes)
occurs. However, if we use the semi-inelastic expres-
sion in Eq. (18), the predicted resistivities still match the
full inelastic results nearly perfectly (with unobservable
difference not displayed in this plot). Interestingly, at
T < 100K, the full inelastic calculations predict that the
resistivity decreases as doping increases, which is oppo-
site to the results predicted by the quasielastic model and
the common perception. Such a prediction, however, is
consistent with experimental findings [48]. Here, we only
considered the contribution from EAP scattering alone.
Thus, at high dopings we find that the resistivity can be
extremely low (< 10−4Ω) at low temperatures. However,
in realistic samples other mechanisms such as defect and
carrier-carrier scatterings must be considered.
Due to this unusual behavior, a critical temperature of
inelastic EAP scattering rates exists for a given mu in
graphene. Figure 7 demonstrates the crossing of density-
dependence of EAP scattering rates at a critical temper-
ature Tc. It is found that the EAP scattering rate in
graphene decreases with increasing carrier density when
T is lower than Tc, while beyond Tc the scattering rate
increases with carrier density. The value of Tc depends
on the range of µ considered as shown in the inset. For
0.125 eV < |µ| ≤ 0.25 eV, Tc ≈ 25K, while for 0.5 eV
< |µ| ≤ 1 eV, Tc is as high as ∼ 100K.
Although the transport properties are dominated by
8the scattering rate evaluated at sk = µ, Fig. 8 shows the
resistivity (ρµ) of graphene calculated by using the inelas-
tic EAP scattering rate at sk = µ, τ
−1
in (µ) by Eq. (12)
(dash curves) and the resistivity (ρ) calculated by using
energy-dependent τ−1in (sk) by Eq. (9) (solid curves) at
various chemical potentials can be quite different when
kBT  µ. The ratio ρµ/ρ as a function of tempera-
ture is also shown in the inset. It is found that ρµ is a
good approximation to ρ only at high temperatures and
low dopings, whereas ρµ reduces to around 70% of ρ at
low temperatures and high dopings. These results agree
with the analysis mentioned above about the doping and
temperature effects.
Finally, we compare theoretical predictions of our
inelastic-scattering model to experimental data. Our cal-
culated resistivity of graphene on different substrates by
using ρ = σ−1 with σ given by Eq. (10) are shown in
Fig. 9 for graphene/h-BN with ne = 2.25×1012cm−2 (the
gray line), graphene/SiO2 with ne = 108×1012cm−2 (the
purple line), and graphene sandwiched between h-BN
with ne = 3.2×1012cm−2 (the pink line). For T / 200 K,
ρ(T, µ) is predominantly due to acoustic-phonon scatter-
ing. Contributions from optical, zone-boundary phonons
[30, 32], and surface polar phonons for graphene/SiO2
[23, 34] should be taken into account when T ' 200 K.
Our calculated results based on full inelastic scattering
match experimental data for all three samples (with car-
rier densities up to 108 ×1012 cm−2) very well. Note that
we have added a constant scattering rate of 2.4 THz and
5.5 THz in fitting graphene/h-BN and graphene/SiO2,
respectively, to take into account effects of scattering
mechanisms beyond EAP scattering.
Nonlinearity in T was observed in ρ(T, µ) [10, 11,
13, 14, 30, 42, 43], which was attributed to surface
polar [11, 43], flexural [13, 15], or optical and zone-
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FIG. 7. Graphene’s in-plane acoustic scattering rate as
a function of temperature is calculated at µ=0.125 eV (in
black), µ=0.25 eV (in red), µ=0.5 eV (in green), and µ=1 eV
(in blue). The inset is an enlarged part for 20K ≤ T ≤ 120K.
boundary phonons [30]. Our equation Eq. (14) suggests
a nonlinear-in-T correction in high-T regime when µ is
comparable to kBT , which should also be taken into ac-
count in such analyses.
IX. THE VALIDITY OF MATTHIESSEN’S RULE
There is some debate in the literature about the va-
lidity of Matthiessen’s rule [44] for the resistivity in 2D
Dirac materials [9, 32]. Such a debate is difficult to re-
solve without an accurate assessment of the EAP scatter-
ing rates, especially at low temperatures and high dop-
ings. Here, our calculations based on full inelastic equa-
tions can provide an answer to this question. Fig. 10
shows (a) the ratio between the in-plane acoustic-phonon
limited resistivity (ρTA+LA) and the sum of separate
contributions to the resistivity from LA and TA modes
(ρTA + ρLA) and (b) the ratio between ρTA and ρLA as
a function of temperature at various chemical potentials.
Results in (a) show a maximum error of∼ 0.33% in agree-
ment with Ref. [32], which validates Matthiessen’s rule
[44]. In (b), it is shown that ρTA/ρLA > 2.2 which agrees
with the previous results [30–32, 40, 41]. It is worth
mentioning that our inelastic equations can demonstrate
the effects of doping and temperature and we find that
the heavier graphene gets doped, the more TA phonons
contribute versus LA phonons, especially at low tem-
peratures. Note that the dash-dotted curves in (b) are
the corresponding results when the contribution from the
screened deformation potential is removed. Interestingly,
for intrinsic graphene, we find ρTA/ρLA ∼ 2.4 (which
is also the ratio for doped graphene at high tempera-
tures), in excellent agreement with the value of 2.5 re-
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of graphene calculated by using the inelastic τ−1in (µ) (ρµ, the
dash curves) and τ−1in (sk) (ρ, the solid curves) scattering rates
as a function of temperature at different chemical potentials.
The inset shows their ratio ρµ/ρ.
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FIG. 9. Calculated electrical resistivity for graphene/h-BN
with ne = 2.25 × 1012cm−2 (the gray curve) and data from
Ref. [24], graphene/SiO2 with ne = 108 × 1012cm−2 (the
purple curve) and data from Ref. [14], and h-BN/graphene/h-
BN with ne = 3.2×1012cm−2 (the pink curve) and data from
Ref. [40, 41]. Here we adopted β = 3 for graphene/h-BN and
graphene/SiO2, while β = 2.75 for h-BN/graphene/h-BN.
ported in Ref. [30] by first-principles studies when the
screened deformation potential is removed from consid-
eration. Moreover, the contribution from the screened
deformation potential at low temperatures (T < 50 K)
and finite dopings is quite significant. Finally, ρTA/ρLA
can be as high as ∼ 8 and ∼ 9.5 at low T ’s and high µ’s
with and without considering the screened deformation
potential, respectively.
X. THE VALIDITY OF THE CONVENTIONAL
DETERMINATION OF THE EFFECTIVE
DEFORMATION POTENTIAL IN GRAPHENE
Conventionally, the effective deformation potential Ja
in graphene is determined from the slope of the linear
part of the low-temperature resistivity ρ(T, µ) at a fixed
carrier density (i.e. a fixed µ) by using a Monte Carlo
simulation [23] or by applying Eq. (1) [27, 34]. How-
ever, because of the temperature and doping effects we
have discussed above, the procedure of determining Ja in
Ref. [23] is only valid for a given µ, i.e. Ja varies as a func-
tion of µ as shown in Fig. 11. And if Eq. (1) is used as in
Refs. [27, 34], Ja is only valid for high temperatures and
low chemical potentials. For the same input value of Ja
the slope of ρ(T, µ) at low temperatures can deviate from
Ja significantly as implied in Fig. 11. This is the main
reason why there have been so diverse values of the ef-
fective deformation potential Ja in the literature, besides
uncertainty in vLA, vTA, γ0 (or vF ), β, |E1| (or g0/(q)).
In fact, for intrinsic graphene such that Eq. (1)
works perfectly because of ~ωa/kBT  1, the intrin-
sic effective deformation potential is given by Ja =√
E21 + 2B
2 (1 + v2LA/v
2
TA) ≈ 16.7 − 18.2 eV for β =
2.75−3, which is slightly higher than the in-plane value of
the deformation potential in pristine graphite of 16.2 eV
[49]. No other universal effective deformation potentials
exist because of the temperature and doping effects.
XI. CONCLUSION
In conclusion, a full analytical consideration of in-
elastic acoustic phonon scatterings in 2D Dirac mate-
rials for large range of temperature (T ) and chemical
potential (µ) is presented to resolve several lingering is-
sues on in-plane acoustic phonon scatterings in graphene.
We shown analytically that the product of Bosonic and
Fermionic distribution functions can be reduced to a sim-
ple expression, csch(xpa) after taking into account the
momentum and energy conservations. Acoustic phonon
scattering rates versus T for various doping concentra-
tions are investigated. Moreover, in both high-T and
low-T limits, the well known quasielastic expressions of
acoustic phonon scatterings are reproduced. We show
that for heavily-doped graphene, the scattering rate in
the high-T limit is better expressed by Eq. (14) (i.e.
ρ(T, µ) ∝ T [1− ζaµ2/3(kBT )2]) than the linear-in-T ex-
pression (1) (i.e. µ-independent linear-in-T resistivity),
which may account for the nonlinearity in T behavior ob-
served in some experiments. In the low-T limit, the T 4
dependence is revealed, although the prefactor derived
here is different from the one reported previously [9, 14].
From our full inelastic expression, we can also extract
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FIG. 10. The ratio (a) between the in-plane acoustic-phonon
limited resistivity ρTA+LA and the sum of seperate resistivi-
ties ρTA + ρLA and (b) between ρTA and ρLA as a function
of temperature at different chemical potentials. Note that
the dash-dot curves in the panel (b) are the corresponding
results when the contribution from the screened deformation
potential is removed.
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an analytic semi-inelastic expression, which explains how
the T 4 dependence gradually changes to linear-T behav-
ior as T increases. It also explains why there are con-
troversies in the low-T behaviors as various Tn behavior
with n = 2, 4, 6 [9, 12, 14, 20, 21, 25, 26, 28, 33] were
reported in the low T regime. This simple semi-inelastic
expression can reproduce the full inelastic result for Dirac
materials at any T and µ of interest as long as va/vF  1
is satisfied. For intrinsic and lightly-doped graphene, the
well-known behavior of kBT/~ω still holds for low T ’s
when |µ|  vF kBT/2va ≈ 25kBT ; thus naming it the
high-T EAP scattering rate implying the scattering rate
for only high T ’s as elsewhere in the literature is not
correct. Our results agree with previous first-principles
studies and experimental data. Moreover, our analyses
provide a more reliable way to determine the transition
of ρ(T, µ) from kBT in the high T regime to (kBT )
4 in
the low T region, which allows a more meaningful deter-
mination of ΘaBG experimentally. In addition, the con-
tributions from LA and TA modes at different temper-
atures and dopings are also analyzed in details, i.e. 2
< ρTA/ρLA < 10; we also infer the analytical form of
the acoustic gauge field [30] βA = B/
√
2 = 3βγ0/4
√
2
and discuss the validity of Matthiessen’s rule [44] and
of the conventional determination of the effective defor-
mation potential [23, 27, 34]. Interestingly, contrary to
the common perception, ρµ may contribute to total ρ as
low as ∼ 70% at low T ’s and, especially, high µ’s; this
weird behavior comes from decreasing of EAP scattering
rate with increasing carrier density at low T ’s. Finally,
our studies pave a way for investigating scatterings be-
tween electrons and other fundamental excitations with
linear dispersion relation in 2D Dirac material-based het-
erostructures such as bogolon-mediated electron scatter-
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FIG. 11. Graphene’s electrical resistivity is calculated from
the inelastic (solid curves) and quasielastic (dash curves) scat-
tering rate at µ=0 eV (in black), µ=0.125 eV (in red), µ=0.25
eV (in green), µ=0.5 eV (in blue), and µ=1 eV (in purple).
The same data as in Fig. 6 are replotted on the linear scale.
ing in graphene-based hybrid Bose-Fermi systems [50].
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